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Y
THE IDEA

We begin prob
with the vague

BOREL SET : generated used on IR -

notion of a random experiment . A
repeatable process that

does not have BCIR ) = d- { (a)b) I a. b EIR ,
a Cb}

a determinate outcome .

i. ,
Cai > bi] / ai.bz C- R

, ai Cbi}We begin to abstract this by formalising B. (Rm) = JETT
PROBABILITY

the : sample Space: I set of all outcomes
SPACES

Outcomes : An element WEI
Events : subsets A CR such that we

can define probability on it - An occur i. 0 . slide 11 .

But note that In the general case we cannot use

ARBITRARY subsets as events .

SETI PROBABILITY SPACE

we denote the union of disjoint sets DUE __D+E A set
,
-2 , paired with a Alg generated

on its subsets , ¥ ,
is called a measurable

the symetric difference of a set is : ADB=A\Bt B)A space (s ,
F)

= (AUB)\lAnB) A probability on Cm , F) is a function
p : F→ IR satisfying

INDICATORS : For an arbitrary
set A the indicator function HACW)= {

"
'
WEA

p . 1) Pl A) 70 ,
A c-TO

,W¢ A i. 2) per) = I
P . 3) For any pairwise

For two sets A&B : HAC = 1- 11A
,
HAuB=Ma×{ HA , /Its} disjoint A. .az,.. . c- F

PI;¥iAj)=¥, PIA;)

Hants = HAUB , HA =/11A - HB / The hippie (M ,
F
,
P ) is called a prob space .

Ex- Degenerate bist at a fixed wer
Ew (A) = IIACW)

E. Counting measure on 1N

EVENTS & ALGEBRAS
µ(B) =
I ENCB)

,
BE PUN)

We need that our events are closed under certain n>1

operations so that when we manipulate events we still
have events . From these axioms we can further

deduce these properties of the
A family F of subsets ofD: A'1)REF probability measure:
is a E- Algebra if it satisfies A. 2) AEF⇒ A

'

EF m m

A- 3) A,.AZ. . .. c- F T : P( 01=0
,

T :P (VA-g) = -2101A;)Note that from De
'

Morgans n=i n=i

Law this also implies
⇒ An ⇐F

T : p ( Ac ) = , - p( A) For pairwise disjoint As.. ; Am
closed under countable intersections -

T : ACB⇒ P(B)A) = PCB) -PIA] ⇒ PCA)EP(B)
Thus we will now call the elements of an appropriate
← Algebra generated on subsets of 2 Events

T: PCAUB) = P( A) + PCB) - PLBMA)

T : For two F- Algebras F, & Fe on a common

T : Bodes lneq
:

p( U A;) ← Egg, PCA ;)jk
sample space I > then F, ng, is also

T : Borel - Cartelli : ⇐Plan)< a → Plan i.0.1=0
a F- Algebra -

T : Fn ,
NEIN ,

-0 - Algebras on a common sample space CONTINUITY PROPERTIES :

⇒ n -
n, , fn is a -0 - Algebra-

the infinite case of the countable additivity
property of our probability is responsible

Given some 52 how do we create a -0- Algebra? for important continuity properties of the IP
.

JALCTERA GENERATED: ANYA ⇐ A
,
C Azc - - - & Um

, ,
An = A

① For a single ACR . (A) = {G.A. A
'

,
I} . n→n

②For f- { Ai , . .. . An} a finite partition of R And A ⇐ A. JAP --- & An __ A
n→N

b- (G) ={-¥±Ai : ICE '
. . -- in }} T : A function P :F→R satisfies Pt , R2 4

=or an arbitrary collection of sets , consider that we has finite additivity . THEN 1the following are ←→ )

can form a partition by taking all possible intersections .
p has property p.rs

T
'
-

For
any family of subsets of R , G ,

7 a unique ⇐CAMA ⇒ PLANT CAD⇐ [Anto⇒ HANNO]
5 Algebra , 0-15 ) s - t . GC 0-16) ⇒ [Anta ⇒ plan)tPCAD
+ CH a -0Algebra on N & SCH ⇒ ← (G) Clt]



Probabilities on IR are

CLASSIFYING Pan Rdefined on the measurable② space ftp.BIIR)) . P is Discrete on R

BUT BUR) is HUGE ! How do ⇐⑦CCIR) ( C countable & p(C) = 1)
PROBABILITIES we specify the probability on all

ON IR . events in BUR) for a p ? T:# 7.{ti}
, ,
CR & ]-Epi> o}⇒ ,

such
.
that

DISTRIBUTION FUNCTION : Epi = I & P= I pe.EE
It turns out we can entirely specify a P by
its distribution function .

⇐ 7. {ti}
, ,
CR & ]-Epi> o}⇒ ,

such
.
that

Distribution Function CD.FI of a probability P on Fpi = I & Fplt)= Pillltict )
R is the function Fp : IR - IR

,
1-→ pl-✗ it]

T: For
any probability P on IR its D -F . F P is absolutely continuous (A. c) on

IR if
satisfies all of - -- Ffp: IR -' IR such that T-plts-ftfpln.de .

D. 1) Non Decreasing : set
⇒ FCS ) C- Flt )

- N

D. 2) Right continuous : Flt > = Fltt) so A. c. distributions are the ones with
D- 3) Lim Flt 1=0 & "m Flt > = 1 densities . Note that fp = Ffs almost

1-→ - ou t"

everywhere . We must be careful About

T: Fp = Fp, ⇐ p =p
' ( the Probability ¢ its distribution points of discontinuity .

function entirely determine one

another .

T: For any F
:R→R satisfying D. 1- 3 there T : Any function f- :R→R that :S

corresponds EXACTLY ONE Probability P on BAR) . ① f- 20 ② Integrable ③ ffdn = I

p

specifies a probability on R .

A mixed distribution P :S are such that

for some p
C- ( oil ) p=pPd + (i - p)Pa Where

Pa is discrete & Pa is A. c.

A singular distributions are continuous but

not A-c.
, they Dont have a density however

no single point has a positive probability .

T : Any probability on IR has a unique
representation of the form
P = ✗ dpa + ✗apa + ✗sps ,

✗i20 , -§✗i=l
↳Discrete ↳ A. c ↳

singular .



We naively think of a Rv . as a

function of an outcome of a random experiment RANDOM VECTORS

② that captures some information about the

experiment . We also however want to A Random Vector IR-vet) ✗ = ( ✗ , ,
. . .,Xn) :D→ IÑ

be able to calculate the probability of our is a function such that ✗" (B) c- J-V-BEBH.TL)
^

)
Rv . mapping to a certain uahe (of set of values)

T: ✗= (X ., ..,✗n) R.ve ⇐ Nik Xi is a Rw)
RANDOM
VARIABLES Thus we define a Random Variable (RW)

T : ✗ = ( ✗ , , . . . ,✗n) a Rwec & g
measurable g :B

"
→ IR
"

as a function ✗ :S→ IR such that

g measurable V-BETBHR)
FBEBCIR) ✗

"

(B) E F .

⇒ 91 ✗) is a Rivet
g-
' (B) c- BUR)

✗
"

(B) = {WEI / XIWIEB} We have the D. F. in the multivariate case as

Fxlt , . ... .tn) =P IX. Et , - → XD Etd )
, (t ,, .. .tn) ER

"
.T : For an arbitrary family of subsets of R {Bx / ✗ c- I }

• Bac Bp ⇒ ✗
"

(Ba) C ✗
"

(Bts) T: An A -C dist has a density f-✗ satisfying
• ✗

"

(Ba) = ✗
"

( ¥±B✗) ( similarly for A) Fxlt, , .. ..tn/--/t'---/tnfxln..---iaen)dae,---dsen.
- ou - a

•

Ban Bp =p ⇒ ✗
"

(Ba) AX"lBp) T:(✗
, , .
. . ,Xn1 is discrete ⇐ (Vikki is discrete)

• ✗
"

1B£) = [ ✗
"

(BAD
"

T :(✗
, , .
. . ,Xnl is A. c. ⇒ ( ki )/ ✗ e- is A-c) &

Integrate out all but

F- ✗ . Random indicator : For any event A. 11A is a R -V .

the desired variable . f-✗in)= / - - - ffxls.i.sn, ... .sn/ds,...dsn

simple RV .
: ¥4 ai HA; ,

ai EIR , Ai EF ,
isn < T : ✗ a R-vec.gi.IR

"

→ IR
"

has a smooth inverse

✗ A.c ⇒ 4=91×1 is A. C RV such that

T : For a RV. ✗ ,
0-1×1 __ {✗" (B) IBEBCIRI} fyltl-ldetfojltplf.ly

-
'

It ))
is a 0 Alg '

detlhlt)) = Jlhltl) = dit / ddh ) is the jacobian .

DISTRIBUTIONS OF R-V . INDEPENDENCE

the distribution of a R-V ✗ on (R ,
F

,
P ) is defined as A collection of R -u - X

, , . . .,Xn are independent if
P×( B) = ☒ (✗ C- B)

, P× : BCIR) → R . This Px is in HB
, ,

. . . ,Bn C-BURN PCXIEBI
,
. . .,XnEBn)=Ñp(✗ i c- Bi ))

fact a probability on R -

in

thus the distribution function of ✗ :S This is a very general definition of independence
1-211-1=1311 - x.tl/--1PlXEt) however it is not convenient as a tool .

For showing some R.us are independent we will
✗ is discrete /A. C/ singular if Fx is ☐ /A.cis .

same for
R.ve often use the following.

The survival function of ✗ is 5×11-7=1 - Fxct)

two Rv . ✗ &Y are identically distributed ⇐ Px = Py T: ✗
i. . -- , Xn RN ⇐ Ft

. ,
. . . .tn ER

independent Fx
.
.
-Antti . . - - .tn) =.it?TtIilti)

FUNCTIONS OF R'V : Discrete
⇐ tt

. .
. . . .tn EIRT"

✗
i. . .- , Xn RN plx,=t , , . . . ,✗n=tn)=ÑPli=ti )T: ✗ a RV

, g increasing 1g
"

> 0) & continuous on IR independent 5=1

⇒ y=g(×) is a RV with D -F Fylt)=FxLg
-' (t))

+; AC R
-V . X .

, . .
. ,✗n←→ V-ti.n.tn c- R

indepenceut f- ×
. .
.. ,×.lt , , .. . .tn)=¥

,
fxilti)

T : ✗ an A. C RN
, g continuously diff on open sit U

such that PCXEU)= 1 .

⇒ y=gC✗) is A.c RV . fyltl =/¥ g-
'

(t) / f-✗ (g-
'

(t) ) T : go measurable functions , X . , . . . ,Xn independent
⇒ Y

;
= g;(✗ ;) are also independent .

Note that we must also have that
g is invertible

& that inverse :S differentiable .
Events A.

,
. . .
.
An are independent

For a D- F F the quantile function is ⇐ HA
,
,
- --
. Man are - independent as R - V .

Qln)=inf{t : Fct ) > a} , a c- Will T :# (VIC {1 , . ..in} )fp(n Ai)=Ñ Plait) -

IEI i. FI

T : Un Ufo , 1)⇒ ✗ = QIU)~F T :<⇒ Ai
,
. .. .AE are independent



DEFINING EXPECTATIONS USING EXPECTATIONS

4 In second year we talked about ECX)
T: 4=91×1 - Py ,

X-p, ⇒ F- (4) =/ glnldpxlu)
for A.c & discrete as simply fxftndse .

T : ✗70
,

F-(X) = [ Ii - Fxlaesldu
EXPECTATIONS

this however ↳ Just a computational
tool

, not an informative definition - T: 4=91×1 for nice y
⇒ Ely)= /gtadfxl"

It is also not general enough , what -

about singular or mixed distributions?
we also want our def to align with frequentist intuition commonly Ely / ✗ 1) = fglnlfxlnldn for AC .

→ = Iglti)Pl✗=t;) .

Indicator tjtcx
For Na ,

AE F we define ECX)=PCA) T:X , & Xz independent & y:( ✗ i > =L
'

simple
For ✗= ÷EaiHA

;
we define F- (X) = ?¥aiP(Ai) Rv .

⇒ F- lgfxigffzll-Elgl.X.tl Elgzlxz))
Now note that any non - negative RV can be

approximated by an increasing sequence of simple
R.us { ✗n3nz , in the following way INEQUALITIES :

twtr Xnlw) 9 ✗ (w) .
*

n→n T : Jcnsens : ✗ c- i. y convex
⇒ g[EX]<_ F- [91×1]We will use our current definition & this approximation

to define T : Lyapunov : For olives ( F- [1×1] )÷ ← ( F- (1×19)}Where {Xu}nzi
✗70 Arbitrary ,

F- 1×1=1'M Elxn) is a sequence
n→x of simple R.us as T : Chebyshev :

g positive non decreasing on 1R→1Rin *
T: this definition is consistent . ⇒ For any ✗ PIX>a) EEg¥¥Different sequences will give the same expectation .

Lt ✗
+

=max{ × ,o } & ✗
-

= - min { ✗ so} Ticanchy: 1=-1×41 ← ✓El✗4Eu

& Note that for an arbitrary ✗ = ✗
+
- ✗
-

MOMENTS:

A R.v. is integrable if F- (1×1)-50 ⇒ ✗ C- I the nth moment of ✗ is F- 1×4
If ✗ is integrable EIX )=E( ✗+ ) - ELXJ the Kth antral moment of ✗ is Efx- FINK]
The expectation of a R.v. ✗ over an event A The 2nd central momeet is VIX) = F- (x2 ) -[E(✗D2

:S F- (✗ i A) = F-(✗ 11A ) -

the mixed moments of ✗ sty we Elxnym ) .

For ✗ 14 C- E Corlxiy ) = Eff ✗- F- 1×1114-1=-14151
UNDERSTANDING EXPECTATION = 1=-1×43 - EINEN

Arrl ✗ is )=Corl
T :

Expectation as a function is NITWIT
• Monotone : ✗ E4 & Ely ) < • ⇒ E(×> ⇐ ⇐ (y )

T: ✓ 1×+41=211×1 + V14 ) +2cm IX.4)

• Linear : V-a.be/R,XilEL
'

⇒ Elaxtby )=aElX)tbElY) T :/ Corr ( ✗ is / 1=1 ←→PlY=aX+ b) =\ for a.to ,bER

We can denote El using Lebesgue integrals
E(×) =/ ✗ lwtpldw) = fnxlw)dRlw)=fsXdP MULTI - DIMENSION :
r when considering R -vectors ✗=( Xii - "Xd) d>3

Moving probability spaces from (r , F. PJ tgeneoal ) cwariance becomes a matrix . - FÉtwr
to ( Rd

,
BIRD ) ,P× ) allows us to shift CI -- [covlxi.X.gl/--ECX-ElNFfX-Ecx)Ddistribution fine

T: 1=-1×1 = fnxlwldplwj-fndP.tn) ¥14T of Px . CIli.il-vlxil.CI is symetric , is semi-positive
☒

is defined ' f definite -

[III.jl-cilj.it v. nerd acini > 0Notation:/ gin> dP.fr ) often denoted / gin)dF×k)

T : If F is A - C with density f=F
'

ca- e) and T: If ✗=/ ✗ i. . - ,✗n ) has
'id components ✗ i~NK.it )

both f- & g
are piecewise continuous then & y=µ+XA , µ c- Rm

,
A- c- Rmm

→
Row/gladdens =/

•

→

Slnlflntdse ⇒ YNMVN/ µ ,
ATA)

,
For Y~MVNIM.ci ) it

Lebesgue Riemann will have density . . .

¥9)=(zmm%→ expftly-MKGY.ly -at]



4T DEFINING CE OTHER CONDITIONALS

when we dont know anything about a R -
u -

] ✗ our best guess is 1=-1×7 . what about f- conditional probabilities are defined for an event
we do know something about ✗ but not its A & Ru y PLAIY ) = F- ( 11A/ 4) .Value

, say the outcome of a related Rv .

CONDITIONAL conditional distributions are non-trivial

EXPECTATIONS suppose what we knew about the outcome however it can be proved that conditional
of a random experiment is that an distributions Paul Bly) =P (✗ c-13141--1=-1111×(-131/4)

event A occurred .
We define CE in this context as - . - always exist .

The Conditional Expectation LCE) of R.v. ✗ given event A
is F- (✗ IA) = E(XHa)_

.

When IX.4) is A - C we can use auditioned
PCA ) densities fay Inly / = fx.y(2Next consider if we have a partition of { A, , . . . . An}

of the sempre space r
- If all we know is which of tense Fy ( y)

events occurred then we have simple the wake of where fyly) =/ fµy (n'YI dae '

a simple perv . Y=÷€yiHA; - Say Y takes wake yi -

Thus F-(Ny) = fxf×µ 12141 dse -

our best guess for ✗ is her F- (✗ 1 Az ) .

since Ai -_ {Y=yi} & Ñ=E(✗ tail = hly)
let F-(✗ 14 ) = hly ) .

← SIMPLE RV.

T: let ✗ c- L
'

& Y be R - u on common prob space
⇒ 715 a Rw satisfying ×

"

is a RN

on 0-14 )

C.E. 1) I flat on atoms of 0-14)←
EIXIA)

CE . 2) F- (Ñ : A) = F- (✗ : A) HAE -014)= F- '✗ "A) .

that is unique up to values on sets of
zero probability .

We call this unique Rv F- (✗ 141 .

Note if Fc -014) & we replace CE - 1) with the
same condition on F the theorem is still true

,

we call this CE of ✗ given Alg F F-(✗ IF) -

PROPERTIES OF CE

T : 4 is 1-1 function (injective) ⇒ E(✗141--1=-1×1414 ))

T :

Linearity:(this c- IR)(ElaX+bZ 14)=aElX /4) + BEIZIY ))
T : Monotone: ✗ EZ a. s . ⇒ F- 1×141 EELZ 14) a-s-

T : 2- =g(4) ⇒ F- (2-1114)--7-1=-1×14)

T: ✗ & 4 independent ⇒ F- 1×141--1=-1×1

T : Double E : F- [ F- ( ✗ 14,42) 14,7--1=-1×14 , )
In particular F- [ El ✗ 14J] = F- ( X) .



THE MODEL

For observed data we make the aucsumptiars BIAS
that the underlying RE is given by (R , F.If]. How can we compare

estimators?

Po is a probability depending on parameter we know that there is not a perfect estimator
0 c- ② c /Rd whos value we dont know .

We observe a Random vector ✗(w, =✗ egg
for anything other than the degenerate distribution.

Po is the distribution on ( Rn , Bunny , induced
ie ' ☒Ñ such that F-10*-05 is minimised FO .

SUFFICIENT
STATISTICS by ✗ & Po . We need to ask for less

,
so we compare estimators

STATISTICS OF c- It
,
a class of estimators for 0 , is

efficient in K ⇐ V-O*eH
, Edo: -05-4%10*-0.5

A measurable function SCX) is a statistic .

statistics are also then Rvec - FOE ① .

Estimators of a parameter 0 are statistics with
A common class is the class of estimators with

codomain ① .

bias blo) . 1h1, = { 0*1 Edo
't
) = 0+610 )

,

FOE } .

. , www.nna.mu, , ,, , , , ,
,,,

""" "" "" " """

Ko is the class of unbiased estimators .

SUFFICIENCY
A statistic s is sufficient CSS ) for a parameter T: An estimator efficient in Hb is unique :* to

doesnt depend on 0 .

Values on a set of 0 probability -

T : For Y l - l function Clnjection) & s a SS for 0 T : Rao - Blackwell: O* c- Kb
,
Sass for 0

⇒ 61s ) is also SS for 0 .

⇒ 05--1=-010*15) has properties
How can we find & show statistics are sufficient ?

• OF is a function of 5 onlyIt is most convenient to use densities .

Importantly only A-c. distributions have densities
, • OF C- Kbhowever A-C- is relative to some measure!

so discrete distributions are A- c. relative to
• ElO*s - O )

'

a- Edo
't
- 05

,
to c- ①

.

the counting measure -

T: suppose all Po are A. c. with respect to some

measure µ ; with densities false ) = d¥-(a) .

For OHRD we can measure the performance of
an estimator using EolO¥O , a)- for a c- Rd

S is a
SS ⇒ Fulls, O) Fhtn) where l ' . - l is the scalar product Dispersion.

for 0 We prefer an estimator if its dispersion is lover ya .

false)= ✗ (Sta) , 01h1m)
NeyÉ Note that sin) may be a R-Vee

n

T : MV R- B : same except the last condition now
.. .

NOTE : For ✗ = ( ✗ ii.→ Xn) iid ⇒ fotn)=Ñfo(n;) • Eto} - O , a)241=-010*-0 ,aF , FOE -0

µ. . . .. ..a SS for 0 ⇒T is SS for 0 .

④ * 1×1 -- ⑤* = argmaxfolx) is the maximum likelihood estimator IM )
OEO of 0 from X .

T:S a SS for 0 ⇒ É* is a function of Santy .



We know what it formally means

CONVERGENCE THMS :

2- to a point .
" """ """ """

!
What might it mean for a sequence of T : Monotone convergence

: Xu> 0 R.us on a

functions , specifically R-u - s to converge

to a single function . common probability space , ✗n9✗
⇒ Elxu) TEH)

CONVERGENCE We have several interesting & useful notions .

OF RANDOM VAR'

n→a

✗n÷÷× ⇐ 4-ACIXPIAT-lstv-wc-AXr.tw/-sXlwDT:Fatouslemma:Xnzo ⇒ El"I;¥Xn)E "I:#Elxn)
pointwise convergence on set of prob 1 .

✗n ✗ ⇐ ( V-E > 011pct ✗n - ✗ 1- E)¥0)
T : Dominated Convergence:#I / XnKY a- s . & EM )< N )

2

✗
n

✗⇐ ( a.✗ c- E)( F- in - ✗5 0 ) Xn¥j× ⇒ III. Elin)=ElX)

✗n ✗ ⇐ (a. ✗ c-d)( E / ✗ n - ✗ I⇒0 )

✗n⇒ ✗⇐ ftp.T-altl-F.lt) at all continuity points offx . Exn} isn iid sequence of Bcp ) R.us

T: ⇐ tf continuous & bounded E[fHnin¥EIfHB Sn = ¥,
Xi

t : weak LLN : ¥ p

RELATIONS BETWEEN CONVERGENCE T : strong UN : E- ¥£p .

⇒ ⇒ ±, ⇒ a-

T: Is ⇒ Is ; (a.✗ c- E)( P→ ⇒± )

TRANSFORMATIONS
T:

g:R→R continuous

• Xn ✗ → glint glx )
• ✗n

-1°> ✗ ⇒ glxn)P→ GIN
• Xu d→x ⇒ guns

d- glx )



For any
Rv - ✗ its characteristic function (Cht)

:S 4× : IR→ ¢ , Wtf Eleit
"
) FOR R- VECTORS

Because of this definition the chF always ✗ = IX. , . . . . ✗d) it = ( ti , . . -, ta) c- Rd then
exists

,
and is finite - F☐¥oauct

y× : Rd→ ¢
, 4×4)

= Eleilt ." ) = Elexpfi Étjx;] )
characteristic

Functions T : 14×411<-1 T : 4×10 ) = I

T : 4=a✗+b , a.be/R--SY.y(t)=eitby,(at ) . T: Y= ✗Atb
,
A a dxmmatbix b HÑ

Tile = 4×1- t ) = 4- ✗ Lt)
⇒
Y
,
Is ) = élsib )y×(sat )

y ,
2kt +K2 Ensuring we

zt.n.z.ni.tl/ltl--z-k'+k2lF-(xFxEzeiltxY have appropriateT : CHF is real valued ⇐ ✗ is symetric⇐ ✗ D=
-X -

finite moments

T : (tb c- Rd K y
,,#
""""on 7- ✗ onto b.

T: Any CHF is uniformly continuous .

It ) = Yxltb) )

g. g. µ
,

, ,µ , ,⇒ µ , , , ,,m, .my
,

,µmµ,

" " """ """ "

T:X & Y independent ⇒ 4×+411-1 = 4×1-4441+1 T : WUN & SUN

Ti CLT i ✗
, ,Xz , - - - i :D Root

,
F- 11×1112<0

A
[
2←

covariance matrix .

& 11=-1×4 = i-bdd-EY.lt ) /
no

✗ exists .
⇒ ÷÷M→ No , CI )

T : Inversion:/14×1e) Idt < ✗ ⇒ ✗ has continuous density X2 testing . . .
?

f-✗ (a) = ¥ /e-
it "

4×1-4 dt . T: 2- ~ No , Id)
,

b
,
,
.. . .ba orthonormal system

T : CHF uniquely specify the distribution .

→ Y = ( ( b . ,Z ), . . . , (bait))~N(0 , Id )

T://tky.lt ) / lot < a ⇒ ✗ hash times diff
'

continuous density
T : ✗nts ✗ ⇐ (V-tc-RKya.lt) → 4×4) )

T :(ft ER)(Q×ft>→4ft)) where llxn are CHF &

4¥) is continuous at 0 ⇒ 4× :S oht of some R -V X

& ✗n
d- ✗ .

Clearly then the Cht contains a lot of information about ten
*. . . . . . . ...compact & have plentiful info -

APPLICATIONS TO STATS
Because of the property that the Cht of a sum is ten

product of Chf
, they are convenient for proofs in statistics

about sums .

P
T : WUN :X ,

,
Xz

, .
. .

'rid
⇒ ⇒ ELX , )

F- Ix , / < a

T.AT: Further EIX?K✗⇒=¥¥fE"⇐ Mon)
& VIX , ) = 0-2>0

We can relax the condition of iid in the above to a more

general condition - One example :S for E(✗ e) = 0 ( rescale if necessary) .
then we -3 -

Lyapunov Condition : Bi =V( II.Xi )
,
need Bn OÉEIX:P 0

T : Poisson LT : ✗
n , , ,

. . .

,
✗nm independent R -

V .

PCXN
, ;= 1) =\ - PC Xu , ;=0)=pn > j =L , . . . ,n

&
npn
→ JK-6.sn)

⇒ ÉXn.i→ Plz)
.



EMPIRICAL DF

① For ✗ , , . . . , ✗n an iid sample we know that

s = (Xc , , , . . . , Xen, ) is a SS for F , the DF of ✗ , -
The same info is captured in the

empirical distribution Function
Distribution Free

n
n

""" " """
"""""" " ""

"""
"

""""

3
The order stats are all the points f- discontinuity of ¥ but we

can also find utter statistics
.

I =/tdFn*( t ]
,

S2 = 'T ( X; -512=1+415*11-1 - ( ftdFn*tÑ

If there is a parameter D= GIF) then we can have a.good
estimator given by O*= G- ( FE )

T : Glivenko - Confetti : X , ,Xz
,
. . - i :D

,
DF F.

⇒
Dn = Sfp / Fntltttlt) / 0

T "
For ✗

, , Xrz , . . . iid DF F & Q
,
.bz

,
. . .
~U[° "]

uniform& Ritu)=±¥gHW; Eu) EDF .

← Independent
⇒

Dn=s¥P1Fn*lt) -Flt)|= EYE,]/Rita)
- ul it

F-

Further rn / RITU
,
) - un

,
. . .

.
Rifkind ) - Ud)→ Nco , Glu) )

[ ( n ) = (min {uj.uh34-maxEuj.lk})];,h=i . . .. ,d
We can use this for

Kolmogorov Test : diff PIED, ⇐a) = 1+2 ?⇐tiPe→k%
Mises- Smirnov w

'
-Test :

w2://wn-CRIluj-uifdud.im/7wn--n)--Plf'v4uiduc-n)

with VIul~NIO.ua - u ))

MLE's

✗ = ( Xi
, . . . ,Xn) Xj have density focus Then the MLE of 0 is

D=

avg.mg/ifolN--argmaxlogl.folXDT:G-ibbs
Inequality : f. g densities with respect to µ ,

on common

space lfksloglflnsyeldnss-lflhloglg.IN / Mdm)
when both integrals are finite .

f.Truther

T: Én-o & ION - b) d- Nlo ,¥ )
where Ito) =/Him]

"

focus
Mldse)

I
T : EolOI - IT ? NIH)


